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We propose and study a method for using non-maximally entangled states to implement prob-
abilistically non-local gates. Unlike distillation-based protocols, this method does not generate a
maximally entangled state at intermediate stages of the process. As a consequences, the method be-
comes more efficient at a certain range of parameters. Gates of the form exp[iξσnAσnB ] with ξ ≪ 1,
can be implemented with nearly unit probability and with vanishingly small entanglement, while
for the distillation-based method the gate is produced with a vanishing success probability. We also
derive an upper bound to the optimal success probability and show that in the small entanglement
limit, the bound is tight.
I. INTRODUCTION
Over the recent years it has been shown that entangle-
ment can be used to perform various quantum process
such as teleportation, quantum communication, quan-
tum cryptography and quantum computation [1]. One
important use of entanglement, involves the implemen-
tation of quantum gates (or more generally, interaction)
between spatially separated qubits, without actually hav-
ing to transport the physical system that carries the state
from one place to another. The study of such “non-
local” gate operations, has some bearing on practical
and fundamental issues. On one hand, the connection
between entanglement as a resource for non-local gates,
and the related problem of quantifying the capability of
non-local gates to generate entanglement, deals with the
fundamental relation between entanglement and interac-
tions. This problem has been studied by several groups
[2, 3, 4, 5, 6, 7, 8, 9] but is yet not fully understood.
On the other hand, non-local gates may be used as prim-
itives in protocols involving several separated systems,
for instance, in multi-party computation problems.
In principle, any non-local gate can be implemented
given by sufficient amount of shared entanglement, and
by exchanging a sufficient number of classical bits: we can
use quantum teleportation to teleport the relevant qubits
states to a single location, apply locally the relevant inter-
action in order to generate the desired gate, and finally
teleport the states back to their original position. In gen-
eral however, the implementation of gates with quantum
teleportation methods may not be efficient, and provides
only an upper bound on the required amount of entangle-
ment. Since entanglement is an expensive resource, it is
important to optimize its usage and search for economic
methods for implementing nonlocal gates.
In this paper we shall reconsider the problem of gates
acting on two qubits which have the structure
UAB(ξ) = e
iξσnAσnB . (1)
This family of gates includes the controlled-NOT
(CNOT) gate, which up to local rotations corresponds
to UAB(ξ = pi/4). By using teleportation, UAB(ξ) can
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FIG. 1: A non-local gate can be implemented using
distillation-based method which starts by generating a maxi-
mally entangled state in an intermediate stage of the protocol,
or by a more direct method that avoids distillation.
be implemented for any ξ using two maximally entan-
gled pairs (e-bits). It was shown however that, if nA and
nB are locally known, one e-bit is sufficient [5, 6]. More-
over, it was recently shown that for the cases ξ = pi/2N ,
where N > 2, this gate can be implemented with less
than one e-bit [7]. The later method utilizes N pairs,
each carrying a different amount of entanglement, that
sums up to less than one e-bit.
In this article we shall study the possibility of realiz-
ing the gate (1) using a single copy of a non-maximally
entangled state
|φab(α)〉 = cosα|0a〉|0b〉+ sinα|1a〉|1b〉, (2)
In this case, as we show in the sequel, with certain states
the gate can not be implemented deterministically [10].
Hence in the rest of the paper we shall study methods
for probabilistic implementations.
The simplest method to generate (1) is offered by dis-
tillation methods. To this end, one can first transform
with some probability the state (2) to a the maximally
entangled pair
|φ+ab〉 =
1√
2
(|0a〉|0b〉+ |1a〉|1b〉), (3)
and then utilizes a deterministic scheme (e.g. that sug-
gested in [6] in order to implement the gate (see Fig.
(1)). In this scheme, the probability to implement the
gate successfully is determined by the probability, pdis to
convert the non-maximally entangled pair (2) into max-
imally entangled pair (3). It was recently shown that
2the maximal value of pdis is twice the modulus square of
the Schmidt coefficient of smaller magnitude [11, 12], i.e.
pdis = 2(sinα)
2 and 0 < α < pi/4. The simple method to
distill an e-bit out of a non-maximally entangled state is
known as the Procrustean method [13].
We notice that the success probability of a distillation-
based method does not depend on the gate parameter ξ,
and decreases with α. This suggests that in a more ef-
ficient method one could optimize the scheme as a func-
tion of the gate parameter ξ as well. As we show, an
improvement of the distillation-based protocols can be
indeed obtained when the process does not require in an
intermediate step a maximally entangled state (Fig. 1).
To see that this is possible, consider the special case
of α = ξ. Let Alice and Bob start by performing local
CNOT interactions: Alice applies CNOT (with respect
to σnA) between her qubits a and A , described by the
unitary transformation
UaA = |0a〉〈0a| ⊗ IA + |1a〉〈1a| ⊗ σnA . (4)
Bob does the same on his side. This yields the four-
particle state(
cosα|0a0b〉 ⊗ IAB + sinα|1a1b〉 ⊗ σnAσnB
)
|ΨAB〉 (5)
Next they measure a and b: Alice measures σy and
Bob measures σx. The result can be then written as(
cosα IAB±i sinα σnAσnB
)
|ΨAB〉 = e±iασnAσnB |ΨAB〉,
(6)
where the + (−) sign is obtained with probability 1/2
when the measurement results satisfies σx = σy (σx =
−σy). Hence we showed that the success probability for
gates with α = ξ is here given by 1/2! which can be
larger compared with pdis for small enough values of α.
At first sight this result seems paradoxical [14]. Recall
the entanglement capability the gate (1) is known in this
limit to be ∼ ξ [8]. Hence we have started with an en-
tanglement proportional to ξ2 = α2 and ended up with
more entanglement ∼ ξ with probability 1/2! The reso-
lution to this paradox, is connected with the fact that the
maximally capability is obtained by acting the gate on a
partially entangled state. Hence in 1/2 of the times we
end up by reducing the entanglement. The net increase
is not larger then ξ2.
In the rest of this paper we present and study a method
for generating gates, that does not involve maximal en-
tanglement states at intermediate steps, and hence uti-
lizes the above mentioned idea of a “direct” map between
entanglement and gates (Fig. 1). The method can be
used for arbitrary values of ξ and α, and for a certain
range of parameters, is more efficient compared with the
distillation-based (e.g. Procrustean) methods. In par-
ticular, we show that gates with very a small angle ξ,
can be implemented with probability very close to unity,
with vanishingly small entanglement. This is to be com-
pared with the distillation-based method, which in this
case succeeds with a vanishingly small probability.
We shall also exam the general relation between the
maximal success probability pmax, the gate parameter ξ,
and the given entangled state, described by the parame-
ter α.
The article proceeds as follows. In the next section II
we derive a bound on pmax for a certain range of param-
eters ξ and α. In Sec. III we present a “direct” method
for probabilistic generation of non-local gates. Then, in
Sec. IV we refer to one of these gates as a target gate
and analyze the probability of its implementation. Based
on these results we show that the bound derived in Sec.
II is tight.
II. A BOUND ON THE SUCCESS
PROBABILITY
In this section we derive an upper bound on the maxi-
mal probability of successful implementation of the gate
(1) on the state |ΨAB〉 using (2) as a resource when α < ξ.
We can write a required task as a transformation
(cosα|0a〉|0b〉+ sinα|1a〉|1b〉)|ΨAB〉 −→p
eiξσnAσnB |ΨAB〉 = (cos ξ + i sin ξσnAσnB )|ΨAB〉, (7)
where the p denotes the probability of the above transi-
tion.
Let us consider the special case of the product state
|ΨAB〉 = | ↑n⊥
A
〉| ↑n⊥
B
〉,
where the axis n⊥ are such that σn| ↑n⊥〉 = | ↓n⊥〉. In
this case
(cosα|0a〉|0b〉+ sinα|1a〉|1b〉)| ↑nA〉| ↑nB 〉 −→p
cos ξ| ↑nA〉| ↑nB 〉+ i sin ξ| ↓nA〉| ↓nB 〉 (8)
The main idea is to use the majorization condition
[11, 12, 17] in order to bound the probability p. If
α < ξ, then {(cosα)2, (sinα)2} does not majorized by
{(cos ξ)2, (sin ξ)2}, which means that the transformation
(8) cannot be performed with certainty. The maximal
probability of this transformation given in this case by
pmax =
(sinα)2
(sin ξ)2
. (9)
Now we apply to the general result from [15] that shows
that the probability of successful simulation of a unitary
is independent of the input state. Thus, the bound (9)
obtained for the product state is as good as a bound one
might obtain for all other |ΨAB〉. In our particular case it
can be also easily checked explicitly that any other |ΨAB〉
will give the same upper bound on p.
In the Sec. IV we will show that for α≪ ξ this bound
is tight.
3In passing we note that for ξ = pi/4 the bound (9) is
consistent with the results of [15, 16] concerning an op-
timal simulation of non-local CNOT gate, i.e. UAB(ξ =
pi/4), using UAB(ξ < pi/4).
We note that for α ≥ ξ the majorization method does
not provide any restrictions on the transformation (8),
i.e. we cannot use it to derive the bound in this case. The
majorization does not prevent pmax even from reaching
one when α = ξ, although for small ξ this possibility can
be discarded based on the results on the entanglement
capability [8]. It is natural to conjecture that in the single
state case, pmax = 1 may be achieved only for α = pi/4.
It is unlikely that pmax exhibits non-smooth behavior.
Nevertheless, the question whether the gate (1) can be
generated deterministically for α ≥ ξ is still open.
III. A METHOD FOR PROBABILISTIC
GENERATION OF NON-LOCAL GATES
In this section we demonstrate how Alice and Bob can
probabilistically generate a pair of gates of the type (1)
directly from |φab(α)〉 without distilling it.
A. Mapping states to Stator
In order to simplify the explanation of our method we
use a hybrid state-operator object (stator) defined in [6].
The Stator describes quantum correlations between the
state of one systems and the operation/s acting on an-
other system/s.
How do we prepare the stator? Alice and Bob start by
performing the first step as described in Sec. I - Eq. (4)
and (5).
Next Bob performs a measurement of σx of the entan-
gled qubit b to project out a certain value. The resulting
state is now
(|0b〉±|1b〉)⊗
(
cosα|0a〉⊗IB±sinα|1a〉⊗σnAσnB
)
|ΨAB〉
(10)
Finally Bob informs Alice what was the result of his mea-
surement by sending Alice one classical bit of informa-
tion. For the case that σx = −1 Alice performs a trivial
pi rotation around the zˆ axis and flips the − sign to a +
sign. The resulting state of the system is now given by
(|0b〉±|1b〉)⊗
(
cosα|0a〉⊗IB+sinα|1a〉⊗σnAσnB
)
|ΨAB〉
(11)
Since Bob’s previously entangled qubit factors out, the
final state of Alice’s qubits A, a and Bob’s qubit B is
(
cosα|0a〉⊗ IB +sinα|1a〉⊗σnAσnB
)
|ΨAB〉 ≡ S|ΨAB〉,
(12)
where the stator S captures the correlation between the
state |0a〉 and |1a〉 of Alice’s qubit (a) and unitary trans-
formation IAB and σnAσnB acting on |ΨAB〉.
If α = pi/4, then the stator is “maximal” and can be
used to apply (1) with certainty [6]. This is done by
utilizing the identity:
eiξσxaS = SeiξσnAσnB . (13)
Hence by applying a local rotation by Alice we can “pull
out” the required unitary operator that generates the
gate. In the following section we show how to use “non-
maximal” stator in order to apply (1) probabilistically.
B. Generating non-local gates
Our goal is to find an appropriate θ(ξ, α) such that
by applying locally a unitary on S one gets the sum of
probabilistic unitaries
eiθ(ξ,α)σxaS =
√
p |0a〉 ⊗ eiξσnAσnB +
√
1− p |1a〉 ⊗ σnAσnBeiξ˜σnAσnB . (14)
As a result the state of Alice’s particle a will be cor-
related with two different gates applied on the state
|Ψ〉AB: if Alice will measure her particle a in z-basis,
then she will get |0a〉 with probability p and the nonlocal
gate U
(1)
AB = exp(iξσnAσnB ) will be generated. Similarly,
when she gets |1a〉 (that happens with probability
1 − p) then the nonlocal gate U (2)AB = exp(iξ˜σnAσnB ) is
generated (up to trivial local rotations σnBσnB ).
It is straightforward to verify that Alice has to apply
in (14) the unitary with
θ(ξ, α) = tan−1
[
tan ξ
tanα
]
(15)
4and to show that ξ, ξ˜, p, and α have to satisfy the fol-
lowing relations:
p = (cosα cos θ)2 + (sinα sin θ)2, (16)
ξ = cos−1
[
cosα cos θ√
p
]
(17)
ξ˜ = cos−1
[
sinα cos θ√
1− p
]
(18)
tan ξ
tan ξ˜
= (tanα)2 (19)
p =
(sinα)2
1− 1−2(sinα)21−(sinα)2 cos2 ξ
(20)
Thus, as it follows from (19), given a nonmaximally en-
tangled pair (2) as a resource Alice and Bob can generate
any the pair of gates U
(1)
AB, U
(2)
AB (each one with appropri-
ate probability) where two parameters ξ, ξ˜ which satisfy
(19). Since for fixed α infinitely many pairs of angles ξ, ξ˜
(in the range ±pi/2) which satisfy (19) can be found, in-
finitely many pairs of gates can be generated.
To obtain the required gate they choose a pair ξ, ξ˜ that
satisfies (19), and calculate θ according to (15). Finally
Alice applies Ua = exp(iθσxa), and measures the opera-
tor σz of qubit a.
We note that for the special case of ”maximal” S, i.e.
when α = pi/4, we obtain p = 12 and θ = ξ = ξ˜. Thus we
get a deterministic gate as in [6].
IV. OPTIMAL GENERATION OF A SINGLE
GATE
Let us return to our original problem. Suppose that
Alice and Bob are interested to implement a gate with
a particular value of ξ. Following the scenario presented
in Sec. III Alice and Bob will successfully implement the
desired gate (UAB(ξ)) with probability p and will fail,
i.e. implement the ”trash” gate (UAB(ξ˜)), with proba-
bility 1 − p. In the Fig. 2 the probability of success p
as a function of sin2 α is plotted for various values of ξ.
Below we have list the important features of the resulting
behavior:
• Above the threshold ξc = pi/4 the Procrustean
method is better for all values of α. For ξ < pi/4
our method gives higher probability of success in
certain range of α. This range increases as ξ de-
creases and becomes dominant at small ξ. We note,
however, that every gate (1) with ξ > pi/4 can be
decomposed into the gate with |ξ| < pi/4 followed
by local rotations. Thus, the case with ξ > pi/4 is
not really interesting from nonlocal point of view.
FIG. 2: The probability of success p as a function of sin2 α
for various values of ξ. The dashed line shows the probability
2 sin2 α given by the Procrustean method. Points A and C
correspond to αopt and α
Proc
opt for ξ = pi/64. Thus, if the re-
source entanglement is in the interval (A,B), then Alice and
Bob can decrease it to optimal A and achieve pmax taking
an advantage over the Procrustean method. Point B corre-
sponds to the value sin2 αc = 1/3, where both methods give
same nonzero probability as ξ → 0. (The values of ξ pre-
sented on the plot are taken to be proportional to 1/2n for
demonstration only: our method works for all real values of
ξ in the appropriate interval.)
• For each fixed value of ξ there is an optimal state
(2) with α = αopt, where
sin2 αopt =
sin2 ξ + 0.5 sin2ξ
cos 2ξ
, (21)
which gives the maximum probability of success
pmax.
• For a particular value of ξ our method is obviously
better for all α < αc, where
sin2 αc =
2 cos2 ξ − 1
4 cos2 ξ − 1 (22)
is the point where both methods cross. This value
goes to 1/3 at the limit ξ → 0. One might think,
that for α > αc the Procrustean method is always
better. However, this is not the case. Indeed,
the Procrustean method achieves the value equal
to pmax, at some α
Proc
opt > αc, where the value of
αProcopt obeys the condition:
p(αopt) = 2 sin
2 αProcopt . (23)
Thus, if Alice and Bob are given by the state (2)
with αopt < α < α
Proc
opt then they always can con-
vert it to the optimal state and achieve pmax taking
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FIG. 3: The p vs. sin2 α dependence for ξ = 0.014 rad. Two
linear regimes p = 1 − sin2 α and p = 5102α2 are presented.
The maximal probability corresponds to α2opt = 0.014 and
equals to pmax = 0.986.
an advantage over the Procrustean method, which
is better only for α in the range αProcopt < α < pi/4.
In the following we will show that αProcopt becomes
very close to pi/4 in the limit of small ξ.
• For all values of ξ at the limit α≪ ξ the expression
(20) can be approximated by a linear (with respect
to sin2 α) dependence
p =
(sinα)2
(sin ξ)2
, (24)
which is consistent with the bound (9), i.e. this
bound is tight at this limit.
• At the limit ξ → 0 an additional linear regime is
obtained: if ξ ≪ α then p is approximated by
p = 1− sin2 α. (25)
The maximal probability is obtained at α2opt = ξ:
pmax = 1− α2opt = 1− ξ (26)
Fig. 3 shows both linear regimes and pmax for
ξ = 0.014 rad. As we can see, at the limit ξ → 0
the maximal probability of success goes to unity as
pmax = 1 − ξ. Surprisingly, this probability is ob-
tained for very weakly entangled optimal state (2)
with α2opt = ξ.
The Procrustean method achieves this probability
of success only for sin2 α ≥ (1 − ξ)/2, i.e. for α
which are very close to pi/4. In other words, at the
limit of small ξ our method is better that the Pro-
crustean method almost for all resource states (2),
except for those that are very close to maximally
entangled.
From (19) we can find ξ˜ of the ”trash” gate that will
be generated in the case of failure for every particular ξ
and α. We note that each of two gates posses certain
entanglement capability, i.e. ability to generate certain
amount of entanglement. It can be checked explicitly
that the corresponding convex sum of the entanglement
capabilities of two gates does not exceed the entangle-
ment consumed in the process, i.e. the entanglement
possessed by (2).
V. COMPARISON WITH PREVIOUS WORK
In this section we compare our results with previous
work on the interconvertability of two nonlocal opera-
tions [15, 16]. These articles use an isomorphism between
states and operations, in order to generate a transforma-
tion between two non-local gates. In the sense already
discussed in the introduction, this method is indirect:
U1 → ψ1 → ψ2 → U2. First the given non-local gate U1
is applied on a standard non-entangled state and gives
rise to the entangled state ψ1. Then at an intermediate
step, ψ1 is mapped (distilled) to the desired entangled
state ψ2, and finally the isomorphism is used again to
regenerate the desired non-local gate U2.
The main motivation of [15, 16] was searching for
equivalent classes, i.e. the possibility of such a transi-
tion, so a probability optimization was not an issue in
general - any nonzero probability was good in principle.
Thus, the problem of optimizing the probability for in-
terconversion between two non-local gates UAB(α) and
UAB(ξ) was not addressed in general, however an an-
swer was given for the special case of ξ = pi/4. In this
case, any UAB(α) can be deterministically obtained from
UAB(pi/4), while UAB(pi/4) can be obtained from UAB(α)
with optimal probability 2(sinα)2, that follows from ma-
jorization condition used on the second step (ψα → ψξ)
and from the fact that p[ψξ → UAB(ξ)] = 1 in this case.
In the more general case, α < ξ < pi/4, however, the opti-
mal probability p[ψξ → UAB(ξ)] is not known. Moreover,
the results of our present paper suggest that using state-
operation isomorphism might be not the most efficient
way to address the problem of efficient non-local gate
interconversion, due to the lose of efficiency at the inter-
mediate indirect ψα → ψξ → Uξ transformation. Indeed,
for α < ξ our method takes ψα directly to UAB(ξ) and
achieves the maximal probability (9). If, however, one
goes through ψξ at an intermediate stage then the same
value of probability is multiplied by p[ψξ → UAB(ξ)],
which is up to date known to be 1/2 according to [7] and
our present work.
VI. CONCLUSION
In this paper we have presented a method for prob-
abilistic implementation of nonlocal operations (charac-
terized by an interaction parameter ξ) on two qubits us-
6ing single nonmaximally entangled state (characterized
by an entanglement monotone α) shared by the parties.
Our method is characterized by a direct utilization of a
nonmaximally entangled pair without having to convert
it first to a maximally entangled pair as an intermediate
step. We found that if the resource nonmaximally entan-
glement is below a certain value, our method has a higher
success probability than the distillation-based (e.g. Pro-
crustean) methods. This critical value increases with de-
creasing of ξ, so our method is almost always preferable
at small ξ. For very small ξ the probability reaches the
value pmax = 1− ξ in contrast to p = 2ξ that is given by
the Procrustean method for the same α. The explana-
tion of this efficiency gain seems to be that our method,
unlike the Procrustean method, does not have to create
maximal entanglement at an intermediate stage of the
protocol. On the other hand, one might think that an
advantage of the distillation-based methods is that they
do not affect the target state in the case of failure. We
note, however, that our method changes the state in a
known way.
Interestingly, we found that for higher success prob-
ability our method requires as a resource pairs with
less entanglement. For example, for given α and very
small ξ the maximal probability of success is obtained at
sin2 α = ξ. Thus, when a state with a higher then op-
timal entanglement is given, the parties have to reduce
the entanglement to the optimal lower value, before im-
plementing our protocol. This behavior is consistent with
the results of [9].
We have also addressed the fundamental question of
the theoretical bound on the probability of successful
implementation of a nonlocal gate. We found an upper
bound for certain range of parameters and showed that
this bound is tight. However, the general question of the
upper bound for the whole range of parameters remains
open.
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